ON THE VANISHING OF SELMER GROUPS FOR ELLIPTIC CURVES 

OVER RING CLASS FIELDS 



MATTEO LONGO AND STEFANO VIGNI 

Abstract. Let E/q be an elliptic curve of conductor A'^ without complex multiplication and let 
K be an imaginary quadratic field of discriminant D prime to N . Assume that the number of 
primes dividing N and inert in K is odd, and let He be the ring class field of K of conductor 
c prime to ND with Galois group Gc over K. Fix a complex character x of Gc- Our main 
result is that if Lk{E,x, 1) 7^ then Se\p{E/Hc) (Sx W ~ for all but finitely many primes 
p, where Se\p{E/Hc) is the p-Selmer group of E over He and W is a suitable finite extension 
of Zp containing the values of X- Our work extends results of Bertolini and Darmon to almost 
all non-ordinary primes p and also offers alternative proofs of a x-twisted version of the Birch 
and Swinnerton-Dyer conjecture for E over He (Bertolini and Darmon) and of the vanishing of 
Selp{E / K) for almost all p (Kolyvagin) in the case of analytic rank zero. 



1. Introduction 

Let E/Q be an elliptic curve of conductor N without complex multiplication and denote by 
/(?) = Yl'i^=i^nQ^ the normalized newform of weight 2 on ro(A'') associated with E by the 
Shimura-Taniyama correspondence. 

Let K be an imaginary quadratic field of discriminant D prime to N. The extension K/Q 
determines a factorization 

N = N+N- 

where a prime number q divides (respectively, A^^) if and only if it is split (respectively, 
inert) in K. We make the following 

Assumption 1.1. N~' is square-free and the number of primes dividing it is odd. 

Let c be a positive integer prime to ND and denote Oc the order of K of conductor c: if 
Ok is the ring of integers of K then Oc = Z + cOk- Let = K(^j{Oc)) be the ring class 
field of K of conductor c; here j is the classical j-function viewed as a function on lattices. The 
Galois group Gc ■= Gal{Hc/ K) of He over K is canonically isomorphic to the Picard group 
Pic(C'c) = 0^\K^ /K^ of Oc via class field theory. (For any ring A, the symbol A denotes 
A (g)^ Z where Z is the profinite completion of Z.) 

Write Gc for the group of complex- valued characters of Gc, fix x S Gc and denote Lx(/, Xi-s) 
the twist by x of the L-function Lx{f,s) = Lk{E,s) of / over K. Since c is prime to ND, it 
follows from Assumption II . II that the sign of the functional equation of LK{f ,Xi ^) is +1- 

Now let Z[x] be the cyclotomic subring of C generated over Z by the values of x- For any 
prime number p choose a prime ideal p of Z[x] containing p, and denote W the completion of 
Z[x] at p. If M is a Z[Gc]-module, write M 0^ W for the tensor product of M and W over Z[Gc], 
where the Z[Gc]-module structure of W is induced by x- 
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Let Selp{E / He) and UIp{E/ He) be the p-Selmer and the p-Shafarevich-Tate group of E over 
He, respectively. The main result of our paper is the following 

Theorem 1.2. If LK{f,xA) + then 

S(i\p{E/He) W = 0, mp{E/Hc) W = 
for all hut finitely many primes p and a suitable choice of p. 

By purely algebraic considerations, we also show that Theorem 11.21 yields the corresponding 
statement with p replaced by for all n > 1. The primes p for which Theorem 11.21 does not 
possibly hold are those not satisfying Assumption 14.11 In particular, the set of such primes 
contains the primes of bad reduction for E and those dividing the algebraic part C{f,x) of the 
special value Lxif iXA)-, which is defined in Section [2] and is not zero because Lxif iXA) is 
assumed to be non-zero. Furthermore, for primes p for which Theorem 11.21 holds the ideal p is 
chosen at the beginning of Section [8] in such a way that C{f,x) is non-zero in Z[x]/p. 

Analogous results were previously obtained by Bertolini and Darmon 

• for the finitely many primes p of multiplicative reduction for E which are inert in K (in 
[31 Theorem B]); 

• for infinitely many primes p of ordinary reduction for E and x of p-power conductor (in 
P Corollary 4]). 

It is important to remark that our Theorem 11.21 does not a priori exclude the case where p is a 
prime of good supersingular reduction for E, thus covering infinitely many p not considered in 
[U Theorem B] or [6l Corollary 4]. The simple, yet crucial, observation which allows us to treat 
these cases as well is the following: if i*" is a finite extension of Qp and A is an abelian variety 
defined over F with good reduction then the image of the local Kummer map 

5:A{F)/pA{F)'^H\F,A[p]) 

can be controlled by means of suitable flat cohomology groups (see ^3.3p . In an Iwasawa-theoretic 
context, a similar approach was also adopted by Knospe in [19]. The reader may wish to consult 
the paper [11] by Darmon and lovita for related results on Iwasawa's Main Conjecture for elliptic 
curves in the supersingular case. 

Now we would like to describe two interesting consequences of Theorem 11.21 First of all, the 
group Gc acts naturally on the Mordell-Weil group E{Hc), and E{Hc) ®z C can be decomposed 
into a direct sum of eigenspaces under the induced action. Explicitly, 

E{He) ^ C = E{He)^ 

where Gc is the group of complex-valued characters of Gc and 

E{Hc)^ := {x G E{Hc) ® C | a{x) = x{(y)x for all a G Gc}. 

As explained in Sections [8] and [9l as a corollary of Theorem 11.21 we get the following result on the 
vanishing of E{Hc)^. 

Theorem 1.3 (Bertolini-Darmon) . If Lxif^X, 1) / then E(Hc)^ = 0. 

This is the x-twisted conjecture of Birch and Swinnerton-Dyer for E over He in the case of 
analytic rank zero and was previously established by Bertolini and Darmon in [H Theorem B] . We 
remark that if p is a prime of ordinary reduction for E satisfying arithmetic conditions analogous 
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to those in Assumption 14.11 and x is an anticyclotomic character of p-power conductor then the 
statement of Theorem 11.31 can also be found in [6l Corollary 4] . 

The second by-product of Theorem 11.21 we want to mention is the following. By specializing 
Theorem 11.21 to the trivial character of Gc, one can obtain a vanishing result for the p-Selmer 
groups of E over K. More precisely, we offer an alternative proof of 

Theorem 1.4 (Kolyvagin). If Lk{E,\) ^ then the Mordell-Weil group E{K) is finite and 
Selp{E / K) = in.p{E/K) = for all but finitely many primes p. 

We attribute this result to Kolyvagin because it is a formal consequence of his proof of the 
conjectures of Birch and Swinnerton-Dyer and of Shafarevich and Tate for E^j^ (see Theorem 
19.111 for details), which were obtained by using his theory of Euler systems of Heegner points in 
rank one. However, our proof of Theorem 11.41 is new, since it uses neither known cases of the 
conjecture of Shafarevich and Tate nor auxiliary results for elliptic curves in rank one (in other 
words, it takes place "entirely in rank zero"). 

The methods used in the proof of Theorem 11.21 are inspired by those of [6]. However, no 
techniques in Iwasawa theory are used in the course of our arguments, while a crucial role is 
played instead by a detailed study of the linear algebra of Galois cohomology groups of E viewed 
as modules over Zp[Gc] and Fp[Gc] (Sections [8] and [9]) . 

As hinted at in the lines above, the main new ingredient in our strategy is the use of flat 
cohomology to describe the image of the local Kummer maps above p (Proposition 13. 2| ). This 
approach can be effectively combined with classical results of Raynaud on p-torsion group schemes 
in order to control the local behaviour at primes of good reduction for E of certain cohomology 
classes coming from points on the jacobians of suitable auxiliary Shimura curves (Proposition 
15. 2p . In particular, we do not need to require any ordinariness condition at p, contrary to what 
done, e.g., in [6]. However, we warn the reader that all this works fine under an assumption of 
"low" ramification in p which is certainly satisfied in our case once we ask that p \ c but fails to 
hold in other significant arithmetic contexts (for instance, when one deals with Zp-extensions of 
number fields). 

We expect that our approach to vanishing results for Selmer groups can be extended and fruit- 
fully applied also to the context of real quadratic fields and Stark-Heegner points, as introduced 
by Darmon in [TO]: we plan to turn to this circle of ideas in a future project. 

To conclude this introduction, we point out that the x-twisted, rank one situation was dealt 
with by Bertolini and Darmon in [3]. More precisely, building on the techniques of Kolyvagin 
(see, e.g., |14] . |20j . [30j). Bertolini and Darmon showed that the x-eigenspace E{Hc)^ of the 
Mordell-Weil group E{Hc) is one-dimensional over C if the projection onto E{Hc)^ of a certain 
Heegner point is non-zero. Recently, this result has been largely extended by Nekovaf in |27j . 
where the author covers the more general case of abelian varieties which are simple quotients of 
jacobians of Shimura curves associated to indefinite quaternion algebras over totally real number 
fields. We also remark that the main result of [27j is one of the ingredients in the proof by 
Nekovaf of the parity conjecture for Selmer groups of Hilbert modular forms (see \26\ Ch. 12]). 

Notation and conventions. Throughout our work we fix an algebraic closure Q of Q and view 
all number fields as subfields of Q. If F is a number field we write Op and Gp for the ring of 
integers and the absolute Galois group Gal(Q/F) of F, respectively. Moreover, for all primes i 
we choose an algebraic closure Qi of and denote Ci its completion. 

If £ is a prime then and ¥^2 are the finite fields with £ and £^ elements, respectively. We 
often write ¥p in place of TLjpTL when we want to emphasize the field structure of "LjpZ. 
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For any ring R and any pair of maps f : M ^ N, g : P ^ Q of i?-modules we write 
f ® g : M (8)/j P ^ N ®r Q for the i?-linear map obtained by extending additively the rule 
m®p^ f{m) gip)- Finally, for any map f : M ^ N of ii-modules and any i?-algebra S the 
map f ®1 : M ^ N S is defined by m i— /(m) 1. 

Acknowledgements. We would like to thank Massimo Bertolini and Adrian lovita for useful 
discussions and comments on some of the topics of this paper. We are also grateful to Marco 
Seveso for a careful reading of an earlier version of the article and to the anonymous referee for 
valuable remarks and suggestions. 

2. Consequences of the Gross-Zhang formula 

Let B be the definite quaternion algebra over Q of discriminant N~ , and let R <Z B be an 
Eichler order of level . Fix an optimal embedding ip : K ^ B oi Oc into R, that is, an 
injective Q-algebra homomorphism of K into B such that ip{Oc) = ip{K) n R. Extend ■0 to a 
homomorphism 

in the obvious way. By Jacquet-Langlands theory, the modular form / can be associated to a 
function 

= <A(/):i?"\^x/i3x 

with the same eigenvalues of / under the action of Hecke operators Tg for primes q \ N, where the 
action of Hecke operators on B^ is defined by double coset decomposition. Define the algebraic 
part of the special value Lxif, X) 1) of I^kHj Xi s) to be 

creGc 

Of course, C{f, x) depends on the choice of -0 but, since this embedding will remain fixed through- 
out our work, the notation will not explicitly reflect this dependence. 

Theorem 2.1. The special value Lxif ,Xi^) non-zero if and only ifC{f,x) is non-zero. 

Proof. The result in this form follows from |34j and [16]: see [331 Theorem 6.4] for details. Explicit 
formulas relating LxifjX: 1) ^if^x) can be found in [13] in a special case and in [35] in the 
greatest generality. □ 

3. Local cohomology and Selmer groups 

In this section we introduce Selmer groups. Since we will consider torsion modules of cardinality 
divisible by the residue characteristic of (some of) the local fields, in order to study local conditions 
we need to use both Galois and flat cohomology. 

3.1. Classical Selmer groups. Let F be a number field. For any prime number q denote Fg the 
g-adic completion F^qQg of F, so that Fg is isomorphic to the product Jlqig of the completions 
Fq of F at the prime ideals q of Op above q. Moreover, write for a decomposition group of 
Gp at q (this amounts to choosing an algebraic closure F^ of and an embedding Q -Fq) and 
Ip^ for the inertia subgroup of Gp^ , and set Gp^ := H^^^ Gp^ and Ip^ := Ip^ . 

Let A/p be an abelian variety defined over a number field F. If p is a prime number write 
A\p'^] for the ^"-torsion subgroup of A{Q), so y4[p"] ~ (Z/p"Z)2'^ where d is the dimension of A. 
Let now p and q be (possibly equal) primes and let n be a positive integer. As customary, set 

H\F,A[p^]) :=H\Gp,A[p^]), H\F„ A[p^]) := H\Gp^, A[p^]) 
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and 

H\F„A\p-]) ■.= llH\F,,A[p^]), hHIf„A\p^]) := J] ^^'Uf, , 

(Here H^{G,M) denotes the first (continuous) cohomology group of tlie profinite group G with 
values in the G- module M.) Let 

resq : H\F,A[p^]) H\F„ A[p^]) 

be the restriction map at q and define resg := Oqig^^^q. Likewise, let 

5,:A{F,)^H\F„A[p'']) 

denote the Kummer map and define 6q := Jlqig'^q- usual, the p^-Selmer group of A over F is 
defined as 

SeV(A/F) := ker [hHF,A[p^]) 1[h\F„ AiF,)) [p^]) 

q 

= {s G H^{F,A[p'^]) I resg(s) G lm{6q) for all primes g}. 

Finally, say that a prime q is of good reduction for A if for all prime ideals q oi Op above q the 
base-changed abelian variety A^ := A x p F^ has good reduction. 

3.2. Finite and singular cohomology groups. As in [6l §2.2], we introduce the following 
finite/singular structures on local cohomology groups. Let p and q be distinct primes and suppose 
that A has good reduction at q. Define the singular part of H^{Fq, A\p]) as 

H^,^^{Fq,A[p]) := H\lp^,A\p]f^'./'^'., 

and define the finite part H^^{Fq, A[p]) via the inflation-restriction exact sequence 

HUFg,A[p]) H\Fq,A\p]) H^,,^iFq,A\p]). 

The next proposition recalls a well-known cohomological result. 

Proposition 3.1. Let p, q be distinct primes and suppose that A has good reduction at q. Then 
lia{5q) = Hl^{Fq,A[p]). 

Proof. Let q be a prime of F above q. Since A has good reduction at q and p ^ q, there is an 
exact sequence 

A{F^) X h\GfJIf,,A[p]) ^ H\GpJlF,.A{^qY^'^)[p\. 
But {Gf, /If, , AiQqY^'^ ) = by [24, Ch. I, Proposition 3.8], and our claim follows. □ 

3.3. Flat cohomology groups. Fix a prime ideal p of Of above p and suppose that A has 
good reduction at p. Let A be the Neron model oi A xp Fp over the ring of integers Op^ of Fp 
and denote by A\p] the p-torsion subgroup scheme of A. View the group schemes A and A\p] 
as sheaves on the flat site of Spec(C'i?p), and write Hji{OFf,,A) and Hji{OF^,A\p]) (respectively, 
H'^{Ofp , A) and H'^{Of^,A\p])) for the flrst flat cohomology group (respectively, the second flat 
cohomology group supported on the closed point of Spec(C'i;'p )) of A and A[p] (see [231 Ch. Ill] 
for the theory of sites and cohomologies on the flat site). These groups fit into the following 
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commutative diagram with exact rows, where the injectivity of ip is a consequence of [24, Ch. 
Ill, Lemma 1.1 (a)]: 

(1) H},{Of^ , A[p]) H^Fp, A[p]) H^{Of^ , A[p]) 



H}i{Of, , A) (Fp, A{Fp)) H^{Of^ , A). 

Now recall the local Kummer map 5p : A{Fp) —>■ H^{Fp, A\p\) at p and the exact sequence 

AiFp) ^ H\Fp,A[p]) ^ H\Fp,A{Fp)). 
The next result will play a crucial role in the proof of Proposition 15. 2i 
Proposition 3.2. The map ip induces an isomorphism lm{dp) ~ Hji{OFp,A[p]). 

Proof. Since ^^^^(0^^ , ^) = by Lang's lemma (see [18\ Theoreme 11.7] and [22^ Lemma 5.1 
(vi)]), the inclusion 

ip{H}i{OF„A[p]))cIm{6p) 

follows from ([1]). Since H^{OFp,A) = by [22^ Lemma 5.1 (vi)], the right vertical map in ([1]) 
is injective. Hence if x belongs to the kernel of the middle vertical arrow then its image in 
H'^{Ofp , A[p]) is zero, and the opposite inclusion follows. □ 

4. Admissible primes relative to / and p 

For any prime number q, fix an isomorphism E[q] ~ (Z/gZ)^ by choosing a basis of E[q] over 
Z/qZ and let 

PE,q : Gq GU{Z/qZ) 
be the representation of the absolute Galois group of Q acting on E[q\. 

4.1. Choice of p. Throughout our work we fix a prime number p fulfilling the next 

Assumption 4.1. Suppose LK{f,X^ 1) 0- Then 

(1) p > 5 and p does not divide cNDh{c) where /i(c) := [He : K] is the cardinality of the 
group Pic(C'c); 

(2) the Galois representation pE^p is surjective; 

(3) the image of C{f,x) in the quotient Z[x\/pZ[x] is not zero; 

(4) p does not divide the minimal degree of a modular parametrization Xq{N) E; 

(5) if q is a prime of He dividing N and -ffc.q is the completion of He at q then p does not 
divide the order of the torsion subgroup of E{Hc^i^. 

By Theorem 12.11 the non- vanishing of Lxif, X) s) at s = 1 is necessary for part 3 to hold, and 
this is the reason why it was assumed before enumerating the required properties of the prime 
p. On the other hand, in order to emphasize its role in our arithmetic context, the condition 
LxifjX: 1) 7^ will always explicitly appear in the statement of each of our results in Section [9l 

Remark 4.2. A well-known theorem of Lutz ([21]) says that there is an isomorphism 

with T a finite group, hence the torsion of E{Hc^q) is indeed finite. Under the condition 
LxifjXA) 7^ Oi Theorem 12.11 implies that the assumption on C{f,x) excludes only a finite 
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number of primes p. But then, since E does not have complex multiplication, the "open image" 
theorem of Serre ( [31] ) ensures that Assumption 14.11 is verified for all but finitely many primes p. 

Remark 4.3. Condition 5 in Assumption 14.11 is introduced in order to "trivialize" the image of 
the local Kummer map at primes of bad reduction for E. However, with little extra effort one 
could impose suitable conditions at these primes too, thus relaxing Assumption 14 . 1 i We preferred 
avoiding this in order not to burden the exposition with unnecessary (at least for our purposes) 
technicalities, but local conditions of this kind appear, e.g., in |15| . 

4.2. Admissible primes. Let p be our chosen prime number and recall the normalized newform 
f{q) = ^iQ'' °f weight 2 on ro(A^) associated with E. Following [U §2], we say that a prime 
number i is admissible relative to f and p (or simply admissible) if it satisfies the following 
conditions: 

(1) i does not divide Npc; 

(2) i is inert in K; 

(3) p does not divide £^ — 1; 

(4) p divides {£ + lf -aj. 

For every admissible prime £ choose once and for all a prime Aq of He above £ (we will never deal 
with more than one admissible prime at the same time, so ignoring the dependence of Aq on £ 
should cause no confusion). Since it is inert in K and it does not divide c, the admissible prime 
£ splits completely in He, hence the primes of He above £ correspond bijectively to the elements 
of Gc- The choice of Aq allows us to fix an explicit bijection between these two sets via the rule 



so that o"a(Ao) = A. Finally, an element a ^ Gc acts on the group rings Z[Gc] and 'L/p'L\Gc\ in 
the natural way by multiplication on group-like elements (that is, 7 1-^ 177 for all 7 S Gc). 

Lemma 4.4. Let £ be an admissible prime relative to f and p. The local cohomology groups 
H^^{Hc/, E\p]) and H^-^^^{Hc^e, E\p]) are both isomorphic to Z/pZ[Gc\ as 'L[Gc\-modules. 

Proof. By |6i Lemma 2.6], the groups H\^{K£,E\p\) and Hl-^^^{Ki,E[p\) are both isomorphic 
to TLjpTL. But £ splits completely in He, hence H\JyHe^i,E\^) and H\^^(H(.^i,E\^ are both 
isomorphic to 'L/p'L[Gc\ as Fp-vector spaces. Finally, the bijection described in ([2]) establishes 
isomorphisms which are obviously Gc-equi variant, and we are done. □ 

For ★ G {fin, sing} we fix once and for all isomorphisms 



which will often be viewed as identifications according to convenience. 

The following proposition is a variant of [6', Theorem 3.2] (in the proof we will make use of the 
algebraic results described in Appendix |A|) . 

Proposition 4.5. Let s be a non-zero element of H^{Hc, E[p]). There are infinitely many ad- 
missible primes £ such that resi{s) ^ 0. 

Proof. Let Q{E\p]) be the extension of Q fixed by the kernel of the representation pE,p- Let M 
be the composite of the extensions 'Q{E\p]) and He, which are linearly disjoint over Q; in fact, 
the discriminant of He is prime to pN and Q{E[p]) is ramified only at primes dividing pN, hence 




(Jx G G, 



a{Xo). 



c. 



(4) 



Hl{K,,E[p])c^'L/p'L 
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Hcr]Q{E\p]) is unramified over Q: we conclude that HcOQlElp]) = Q by Minkowski's theorem. 
Since Gal(i7c/Q) is the semidirect product of Gc and Gal{K/Q), with the non-trivial element r 
of Gal{K/Q) acting on the abelian normal subgroup Gc hy a ^ tctt^^ = cr~^, it follows that 

Gal(M/Q) = Gal(ifc/Q) x Gal(Q(£;b])/Q) C {G^ x {l,r}) x Ant{E[p\). 

The elements in Gal(M/Q) can then be identified with triples {a,T^ ,T) where a G Gc, j G {0, 1} 
and T G Aut{E[p]). For any s G H^{Hc,E[p]) denote 

s G H\M,E\p]f^'^^'/^^^ = HomGai(M//f.)(Gal(Q/M),ii;b]) 

the restriction of s. By the argument in the proof of [3], Proposition 4.1], the above restriction 
map is injective, so s 7^ 0. Let Ms be the extension of M cut out by ker(s). By Proposition lA.l^ 
Ms /He is Galois. Since E[p] is an irreducible Gal(Q/i7c)-module because pE,p is surjective by 
condition 2 in Assumption 14.11 it follows that Gal(Ms/M) ~ E[p]. 

Fix now s G H^{Hc, E\p\) such that s 7^ 0. Without loss of generality, assume that s belongs 
to an eigenspace for the complex conjugation r, so r(s) = 6s for 6 G {1, —1}. For every a G Gc 
write s I— > 5°^ for the natural action of a on s and let Mg denote the composite of the extensions 
M^a for all a G Gc- By Proposition [Xl Ms/Q is Galois and, by Proposition |A31 Gal(MjQ) 
identifies with the semidirect product of Gal(M/Q) and a finite number of copies of E[p] indexed 
by a suitable subset S of elements in Gc (here we use the fact that s belongs to a specific 
eigenspace for r). Denote elements in Gal(Ms/Q) by (^{vp)p^s, o'^T'' with {vp)p:^s € Elp]"^^ 
and ((T,r^T) G Gal(Af/Q). Let now {{vp)p(zs, 1,t,T) G Gal(Af^/Q) be such that 

(1) T has eigenvalues 5 and fi G (Z/pZ)^ such that fi ^ ±1 (such a T exists because pE,p is 
surjective and p > 5); 

(2) for all p £ S, Vp = V ^ and v belongs to the 5-eigenspace for T. 

For any number field F, any Galois extension Gal(-F'/-F) and any prime ideal q of which is 
unramified in F', let Frohpi /p{q) denote a Frobenius element of Gal{F' /F) at q. Let ^ be a prime 
number such that 

(1) i does not divide Npc; 

(2) £ is unramified in M^/Q; 

(3) Fvoh,-j^^Q{i) = {{vp)p^s,l,r,T). 

By the Cebotarev density theorem, there are infinitely many such primes. 

The prime i is admissible. Indeed, first note that Frob|^/(Q(£) = r implies that i is inert in K. 
Moreover, the characteristic polynomial of Frob7(,f/;^(^) acting on E[p] is the reduction modulo p 
of — a^X + £, so a£ = 5 + fi (mod p) and £ = 5fi (mod p), whence Ui = 5{£ + 1) (mod p); we 
conclude that = ±(£ + 1) (mod p) since 5 G {1, — 1}. Finally, £ ^ ±1 (mod p) since 7^ ±1. 

To show that ieSi{s) 7^ 0, let [ be a prime of M dividing £ and define r to be the degree of the 
corresponding residue field extension. By Proposition IA.4I and equation (j54p . 

^^o^Ms/Mi^) = {ivp)pesA,T,Ty = ((rvp)pg5, 1,1,1). 

The integer r is even and prime to p because p does not divide the cardinality h(c) of Gc by 
condition 1 in Assumption 14.11 and the order of T is prime to p. Hence 

s(f^ob^,/M(0) = s{rv) = rs{v) / 



and res((s) 7^ 0. This shows that res[(s) 7^ 0, hence resf(s) 7^ 0. 



□ 
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5. Shimura curves and Hecke algebras 

5.1. The Shimura curve X^^). Let i be an admissible prime relative to / and p, let B be the 
indefinite quaternion algebra over Q of discriminant N~l and fix an Eichler order TZ d B level 
A^"*". Let Tioo be the complex upper half plane and denote TZ^ the group of elements of norm 1 in 
TZ. Fix an embedding i^o : B ^ M2(M) and write Loo for the image of TZ^ in PGL2(K) obtained 
by composing ioo with the canonical projection GL2(M) — PGL2(M). Let PGL2(M) act on Hoo 
by Mobius (i.e., fractional linear) transformations. The analytic quotient T^oo/roo has a natural 
structure of compact Riemann surface which, by [32 ', Ch. 9], admits a model X^^^ = Xq defined 

over Q. The curve X^^^ will be referred to as the rational Shimura curve associated to B and TZ. 

Let (respectively, Z^2) be the (unique, up to isomorphism) quadratic unramified extension 
of Qe (respectively, Z^) and let be the field with l"^ elements. Denote by J^^^ the Jacobian 
variety of X^^^ and by J^^^ its Neron model over ^^2. Let J^^^ be the special fiber of J^^^ and 

denote by ji^^'^ the connected component of the origin in ji^^ . Finally, write 

IT ^2 Jr^2 

for the group of (geometric) connected components of Jj^^^ . 

5.2. Hecke algebras and liftings of modular forms. For any integer M, let T(M) be the 
Hecke algebra generated over Z by the Hecke operators Tg for primes q \ M and Uq for primes 
q\M acting on the space of cusp forms of level 2 on Tq{M). Denote T"^^™ (respectively, Tf^"^) the 
quotient of T(A^) (respectively, T{N()) acting faithfully on the cusp forms on ro(A^) which are new 
at (respectively, N~i). In the following, the Hecke operators in T(A^) (respectively, T{Ni)) 
will be denoted Tg (respectively, tq) for primes q ] N (respectively, q f A^^) and Uq (respectively, 
Uq) for primes q\N (respectively, q\N£). To ease the notation, use the same symbols for the 
images of these operators via the projections T(A^) — » and T{Ni) T"*^™. The newform / 
gives rise to surjective homomorphisms 

/ : T(iV) — > Z, / : T'^'''* — > Z 

which, by a notational abuse, will be denoted by the same symbol, the second one being the 
factorization of the first one through the projection onto the new quotient. These maps are 
defined by extending Z-linearly the rule f{Tg) := Uq, f{Ug) := a^; by composing / with the 
projection onto Z/pZ we further obtain surjections 

/ : T(A^) — > Z/pZ, / : T""^™ — > Z/pZ. 

Under the above assumptions on p and by [6l Theorem 5.15] there exists a surjective homo- 
morphism 

(5) fi : ™ — > Z/pZ 

such that 

(1) h{tq) = f{Tg) for ah primes q \ Nl; 

(2) fi{ug) = f{Ug) for all primes q\N- 

(3) fi{ui) = e (mod p) where p divides i + 1 — efiTi). 

Let mf^ C T^*^™ be the kernel of fi. The proofs of [H Theorems 5.15 and 5.17] do not use the 
condition that p is an ordinary prime for E (which was assumed at the beginning of [6]), hence 
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by [Sl Theorem 5.15] there is a group isomorphism 

(6) $£/m/, 
and by [6l Theorem 5.17] there is an isomorphism 

(7) Tap(jW)/m^,=.i?[p] 
of G(Q-modules. 

Remark 5.1. The modular form fi introduced in ([5]) and the isomorphism ([6]) are obtained by 
Ribet's "level raising" argument ( \29\ Theorem 7.3]) combined with the fact that, by condition 4 in 
Assumption l4.1l the prime p does not divide the degree of a minimal parametrization Xq{N) E. 
The argument is based on the isomorphism which will be briefly touched upon in (j20p (see ^7.31 
for more information), and the details can be found in [6l Theorem 5.15]. 

Let F be a number field and let 

k: jW(F) ^i/i(F,Tap(jW)) 

be the Kummer map relative to J^^^. Composing k with the canonical projection Tap(J^^'') — 
Tap(J^^^)/m/^ and the isomorphism ^ yields a map 

(8) R:J^'\F)^H\F,E[p]). 

If g is a prime let res^ : H^{F, E[p]) H^{Fg, E[p]) be the restriction map and let 6g : E{Fg) — > 
H'^{Fq,E\p]) (respectively. Kg : J^^\Fg) i/i(Fg, jW[p])) be the local Kummer map relative to 
E (respectively, J^^^). Finally, for any prime p\p denote £p (respectively, Jp^'*) the Neron model 
of E (respectively, J^^^) over Moreover, let Vp be the (normalized) valuation of Fp and let 

e := Vp{p) be the absolute ramification index of Fp (in particular, e = 1 if p is unramified in F). 

The proof of the next proposition is where the result in flat cohomology shown in §3.31 comes 
into play. 

Proposition 5.2. Assume that e < p — 1. If P & J^^\F) then 

ieSq{R{P)) e Im(5g) 

for all primes q f N£. 

Proof. If q ^ p the claim follows from Proposition 13. 1[ Suppose that q = p, note that E and J^^^ 
have good reduction at p since p] N hy condition 1 in Assumption 14.11 St,nd write 

ip : H}i{OF^,£p[p]) ^ H\Fp,E[p]) 

and 

jp : Hj, {Of^ , Ji'^ [p]) ^ {Fp, J(^) [p]) 

for the two injections in ([1]) corresponding to A = E and A = J^^\ respectively. By Proposition 
applied first to A = J^^^ and then to ^ = -E, one gets 



(9) l^{Kp) = \{jp(H}i[OF^,4'\p])), \r^{5p) = Y{ip{H}i{OF,^£p\p])). 
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Since p € m/^ and Tap{J^^^) / pTap{J^^^) = J^^^p], the isomorphism in ([7|) gives a commutative 
triangle 



(10) Tap{j(')) ^ E[p] 




with surjective maps. For all primes p\p the generic fibers of i7p^^|p] and £p\p] are Jy^ [p] and 
E/p^\p] respectively, and e < p — 1, so by [28l Corollary 3.3.6] the morphism vr = TTp of ([TO]) 

(viewed over Fp) lifts uniquely to a morphism TTp : J^p^\p] — > £p[p]- Hence for all primes p\p there 
is a commutative square 

(11) Hj, {Op^ , [p]) (Fp, JW [p]) 



7«> 



TTp 



i?),(0^,,^pb])^^i7i(Fp,F[p]) 

in which the vertical maps are obtained functorially from vfp and VTp, respectively. Finally, set 
TTp := Hplp^p define Kp := VTp o Kp. Then if P G J^^\F) one has the formula 

reSp(K(P)) = Rp{P). 

On the other hand, the inclusion 

Im(Kp) C \{ip[H}i{OF,,£p[p\)) = Im(5p) 
pIp 

follows from Q and and the proposition is proved. □ 

5.3. Heegner points on Shimura curves. The Shimura curve X^^^ introduced in Section|3]has 
a moduli interpretation which can be described as follows. As above, let ,B/Q be the quaternion 
algebra of discriminant N~i and TZ <Z B the Eichler order of level A^^ defining X^^). Fix a 
maximal order T^max containing IZ. Let J- denote the functor from the category of Z[l/iV^]- 
schemes to the category of sets which associates to a Z[l/A^£]-scheme S the set of isomorphism 
classes of triples {A, t, C) where 

(1) A is an abelian S'-scheme of relative dimension 2; 

(2) i : TZrasLx End(j4) is an inclusion defining an action on A of T^max! 

(3) C is a subgroup scheme of A which is locally isomorphic to Z/iV^Z and is stable and 
locally cyclic for the action of T^max- 

The functor T is coarsely representable by a smooth projective scheme with smooth fibers ^^i/j^^-^ 

defined over Z[l/A^^], whose generic fiber is X^. See [8, Ch. Ill] for details. 

Let Pc G X^^^ correspond to a triple {Ac, Cc, Cc) such that End(Ac) ~ Oc- Such a point is called 
a Heegner point of conductor c. By the theory of complex multiplication, Pc G X^^\Hc)- 
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6. The Cerednik-Drinfeld theorem 

Let i be an admissible prime relative to / and p. Let X^^^ be a nodal model of X^^^ over Z^, 
i.e. a proper and flat Z^-scheme such that 

(1) the generic fiber of X^^^ is the base change X^^^ Xq Q^; 

(2) the irreducible components of the special fiber X^'j^ of X^^^ are smooth; 



(3) the only singularities of X^^ are ordinary double points. 
Before describing the result of Cerednik and Drinfeld, we introduce a certain graph attached to 

6.1. Dual graph of X^^^ and reduction map. The dual graph of X^'^ is defined by requiring 

that its vertices V{Gi) correspond to the irreducible components of Xj^^^ , its edges £{Q£) correspond 

to the singular points of X^^^ and two vertices are joined by an edge if and only if the corresponding 
components meet. Define a reduction map 

n : Div(xW(K,)) l[V{gd U £{Gi)\ 

as follows. Let P € X^^\K(). Then P can be extended to a point P € x'^^^{Oki), where is 
the ring of integers of K^. This corresponds to extending a triple {A, l, C) over Kg to a similar 
triple {A, l, C) over Oki- Denote by P the reduction of P to the special fiber, which corresponds 
to the reduction {A,i,C) of {A,i,C) modulo i. Then define r^(-P) by requiring that rii{P) is 
equal to a vertex v (respectively, to an edge e) if P is non-singular and belongs to the component 
corresponding to v (respectively, is the singular point corresponding to e). 

Denote by Z[V(^^)]'^ the subgroup of divisors of degree in Z[V(t/^)]. As explained in (UJ 
Corollary 5.12], there is a natural map of groups 

Let D € T)\v^ (^X^^\K be a divisor of degree zero such that every point P in the support of 
D is defined over Q^2 and has non-singular reduction, so that ri{P) G V{Ge)- Denote by [D] the 
class of D in J^'^XQp) and by 

(12) : jW(Q^2) 

the specialization map. By [6l Proposition 5.14], there is an equality 

(13) di{[D])=uj,{n{D)). 

6.2. The theorem of Cerednik and Drinfeld. Let 7^ be the Bruhat-Tits tree of VGh2{Q.i), 
and denote V{T() (respectively, £{T()) the set of vertices (respectively, edges) of 7^. 

Let Til be the formal scheme over which is obtained by blowing up the projective line 
Pjg^ along the rational points in its special fiber Pj,jp^ successively (see [8, Ch. I] for equivalent 

definitions of "Hf). The generic fiber Ti^ of Ti^ is a rigid analytic space over whose C^-points 
are given by 

HtiCt) = pi(Q) - pi(Q,) = Q - Q,. 
By the theory of Schottky groups (see [12] or [8] for an exposition), the connected components of 
the special fiber Tii of Tit, are smooth and meet transversely at ordinary double points. Hence we 
can form the dual graph of Tii, whose vertices are in bijection with the connected components of 
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TCi, whose edges are in bijection with the singular points of Hi and where two vertices are joined 
by an edge if and only if the corresponding components meet. This dual graph is identified with 
%. 

Let denote the group of norm 1 elements in Fix an isomorphism ii : Bi := B®it^Q_i — 

M2(Q£) such that it{R TLi) = M2{Zi). The group Ti acts discontinuously on TCi and Hi by 
fractional linear transformations via i£. The quotients Tli/Tg and Tii/Ti are, respectively, a formal 
Z^-scheme and an £-adic rigid analytic space. 

The Cerednik-Drinfeld theorem (see [SI III, Theoreme 5.2]) says that the formal completion 
X^^ of X^^ along its special fiber is isomorphic over Z^2 to Ti^/Vi as a formal scheme. Hence 
the analytic space X^j''^'^ over associated to X^^^ is isomorphic over to He/^i as a rigid 

(£) ^ 

analytic space and its special fiber X^ is isomorphic over to the special fiber of Tii/Ti as 

schemes. In particular, the dual graph of X^^^ is equal to the quotient of the dual graph of the 

special fiber of Tin, that is, Qi ~ Ti/Ti. It follows from this (see [6l Lemma 5.6] for details) that 
there are identifications 

(14) V{gd = R^\B^/B^ X {0, 1}, SiGe) = R^\B'</B>< 

where Ri is the Eichler order of level N^£ in R such that i(,{R() is the group of matrices in M2(Z^) 
which are upper triangular modulo I. In particular, V{Qi) identifies with the disjoint union of 
two copies oiR^\B^ /B^. 

7. An explicit reciprocity law 

7.1. Reduction of Heegner points. Let the Heegner point Pc correspond to the triple {A^, ic, Cc) 
and write End(Pc) for the endomorphism ring of the abelian surface Ac with its level structure, 
which is isomorphic to Oc- Let i be an admissible prime; the prime Aq of He above i chosen in 
§4.21 determines an embedding 

'•Ao : He = — > Hc^Xo = Ki. 
The point Pc can then be viewed as a point in X^^^ (Ki) and it is possible to consider its image Pc 
in the special fiber as in Section [6l which corresponds to a triple {Ac,Tc,Cc)- Write End(Pc) for 
the endomorphism ring of Pc- By [Sj Lemma 4.13], End(Pc)[l/^] is isomorphic to R[l/i] where 
R is the order introduced in Section [2j Hence the canonical map End(^c) End(^c) obtained 
by reduction of endomorphisms can be extended to a map 

ip : Oc[l/i] ~ End(^e) (^z Z[l/£] End(P,) ®z Z[l/^] ~ R[l/£]. 
After tensoring with Q over Z[l/^], this yields an embedding 

if. — > B, 

denoted by the same symbol. Let {R = Ri,...,Rh} be a complete set of representatives for 
the isomorphism classes of Eichler orders of level A^"*" in B. By [171 Proposition 7.3], the map 
if : K ^ B thus obtained is an optimal embedding of Oc into Ri for some i G {l,...,h}. 
Since, by the strong approximation theorem, this set of representatives can be chosen so that 
Ri[l/p] = R[l/p] for all i = 1, . . . , /i, we can assume without loss of generality that Ri = R. 

The group B^ acts on fii by fractional linear transformations via l^. Hence there is an action 
of on He induced by extending ip to an embedding ip£ : Ki ^ B^. By [Sj Section 4, HI], the 
point Pc e X^'^\Kp) is identified via the Cerednik-Drinfeld Theorem with one of the two fixed 
points of the action of on H^ thus obtained. 
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Lemma 7.1. The point Pc € X^^\Hc) reduces to a non-singular point in the special fiber. 

Proof. The Heegner point P^, corresponds to a fixed point for the action of (pi{K^) on TCg. On 
the other hand, '^i{Oc ® T^t) is contained in exactly one maximal order of Bi because Oc ® "^i is 
maximal and i is inert in K, hence there are no optimal embeddings of Oc®'^t into Eichler orders 
which are not maximal. Thus the action by conjugation of ipe{K^) on V{T() U£{T() fixes exactly 
one vertex, namely the one corresponding to the order R ® Z^. By the GL2(Q£)-equivariance of 
r^, we conclude that the reduction of Pc must coincide with that vertex. □ 

7.2. p-isolated forms. Let S2{B,R]'Lp) denote the Zp-module of functions 

Then the function (j) = (j){f) associated to / by the Jacquet-Langlands correspondence belongs 
to S2{B,R;'Lp). Now denote by m/ the kernel of / : T(A^) 'LjpL. Say that / is p-isolated if 
the completion of S2{B,R;Zp) at m/ is a free Zp-module of rank one. As a consequence, if / 
is p-isolated then there are no non-trivial congruences modulo p between </> and other forms in 
S2{B,R;Zp). 

By condition 4 in Assumption l4.1l p does not divide the minimal degree of a modular parametriza- 
tion X(){N) E, and this implies, as remarked in the proof of [6| Lemma 2.2], that / is p-isolated 
(see also Theorem 2.2] for details). 

Another consequence of 14.11 is that the dimension of the Fp-vector space Z,[R^\B^ / B^]^ /mj 
is at most one. This can be proved as follows. Let r be a prime number dividing (such an 
r exists because is the product of an odd number of primes). Denote by B' the indefinite 
quaternion algebra over Q of discriminant N~ /r and let TZ' C B' be an Eichler order of level 
N+r. As in gSTl denote by TZ'^ the group of elements of norm 1 in TZ'. Fix an embedding 
i'oo : B' — > M2(M) and write F'^^^ for the image of 7Z'^ in PGL2(M) via the composition of i'^ 
with the canonical projection GL2(M) PGL2(M). As in §5.H the analytic quotient TCoof^'oo 
has a natural structure of compact Riemann surface which, by [321 Ch. 9], admits a model 
X^'-) = X^Q^ defined over Q. The character group of the jacobian of X^*") at r can be identified 
with 'Z[R^\B^ /B^]^ as explained, e.g., in [U §5.3 and §5.4]. Then an extension of [291 Theorem 
6.4] to the context of Shimura curves shows that the dimension of Z,[R^\B^ / B^]^ /mf over Fp is 
at most one. For more details, the reader is referred to [6l Theorem 5.15]. 

7.3. Hecke operators and modular forms. The action of the Hecke operators on the function 
(p associated to the modular form / by the Jacquet-Langlands correspondence can be represented 
as follows. Let (p be the Z-extension of to a map 'Z[R^\B^ / B^] TL and i the natural 
injection R?'\B'^ IB"" ^ Z[R''\B'' / B""]. Any Hecke operator T G T{N) acts on Z[^^\S^/S^] 
by correspondences via the usual double coset decomposition. Then 

T{^) ■.= 4>oToi: — > Z. 

For any prime q \ N define r]q := Tg — (q + 1) € T(A^). Since deg(T/g(D)) = for every 
D G we can define 

(15) j:=r]goi: ^>^\i?x/5^ ^ Z[R''\B'' /B^'f , 

where Z[R^\B^ /B]'^ is the subgroup of divisors of degree in 7j[R^\B^ /B]. As before, let £ be 
an admissible prime. From here on fix a prime q ^ i such that 

ag^q+l (modp), 
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which can be done by the Cebotarev density theorem and the surjectivity of PE,p- Finahy, write 

4> : R''\B''/B'' — > Z/pZ 

for the reduction modulo p of </>; then ??g(<^) is a non-zero multiple of 4> and 'r]q{(f) = 4>°3 (mod p), 
where (j) denotes, by an abuse of notations, the restriction of to 'L[R^\B^ / . 

Recall the ideal m/ C T{N) defined in gT^l Since is invariant under T(A^), 

we can consider its quotient by my. This vector space has dimension one over Fp, as stated in 
the next 

Proposition 7.2. The ¥p-vector space Z[i?^\i3^/i3^]^/mj has dimension one. 
Proof. Since r]q{(p) 7^ 0, the composition 

(16) R''\B''/B'' ^ 

is not zero. This shows in particular that the last quotient is not zero. On the other hand, its 
Fp-dimension is at most one by the results explained in ^7.21 and the proposition follows. □ 

Let vq be the vertex of Ti corresponding to the maximal order M2(Z£). A vertex of Ti is said to 
be even (respectively, odd) if its distance from vq is even (respectively, odd). Since the elements 
of have determinant 1, there is a well-defined notion of even and odd vertices in the graph Qi 
of §6.1[ Define maps 

(17) s,t:£{ge) ^ViGe) 

by requiring that s(e) is the even vertex and t{e) is the odd vertex of the edge e. By (fT^ . every 
V € V{gi) can be regarded as a pair 

(18) v = iK,i) 

with by € R^\B^ /B^ and i G {0, 1}. Moreover, as explained in the proof of [6l Lemma 5.6], we 
can assume that z = if and only if v is even. Then define 

6, : n£{ge)f Z[V(g,)]° 

to be the restriction to Z[£{Qi)]^ of the Z-linear map sending an edge e to t(e) — s(e). Observe 
that, with the above identifications, the map 5^, can be written as 

'5*(e) = {bt{e)A) - (fts(e),0). 

The submodule Im((5*) can be identified with the product of two copies of Z[R^\B^ /B^]^ . Let 
us briefly review why this is true. The orientation on the edges of Gi chosen in (jl7p induces two 
maps 

a,, (3, : Z[8{ge)] ^ 'L[lV'\B'^ / B""] x {0,1} 

defined by extending Z-linearly the rules a*(e) := (6t(e), 1) and /?*(e) := (— ^^(e), 0). By restriction, 
a* and (5^, give maps 

a" : nSiGtt Z[R>'\B''/B''f x {1}, /j" : Z[£{ge)f x {0}. 

Finally, set 

d, := {alPl) : Z[£{g,)f {Z[R'<\B'< /B'<]' x {1}) x {Z[R'<\B>< / B'^f x {0}). 
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To ease the notation, denote the codomain of simply by . As remarked in 

[6l Proposition 5.7], it can be checked that is surjective and that the diagram 

^ {Z[R''\B''/B'']^f 

is commutative, and this shows that there is an identification 

(19) Im(5,) = X {1}) X {Z[ie\B'' /B^'f x {0}) ~ 

Let T^^'^ be the quotient of T{Nl) acting on forms which are old at A^^. It follows from the 
description of £{Gi) in ([H]) that T^^'^ acts on 'L[£{Qi)\ by correspondences. By [6l Proposition 
5.8], the quotient Im((5*) of £{Qi) is stable under the action of T°'*^. Denote C/^ the ^-operator in 
T^^^, so C/^ acts on Im((5*). Then, by [29l Section 7] (see also ^ Theorems 3.12, 4.3 and 5.2 (c)] 
and [6l Theorem 5.15]), the restriction of a;^ to Im(5^,) gives rise to an isomorphism of groups 

(20) oji : Im(5,)/(m/, {U[f - 1> ^ "^i/^h- 

Here recall that fn is the modular form introduced in ([5]), which is new at ^ and congruent to / 
modulo p, while m is its associated maximal ideal of residual characteristic p. By [291 Theorem 
3.19] (see also j6| Theorem 5.15]), the action of U[ on Im(5*) is given by (x,y) i— > (T^x — y,£x). 
Therefore, since 

a£ = e{£ + 1) (mod p) 

with e G {±1}, it follows that U'^ + e is invertible on Im(5*) while the image of C/^ — e is the subset 

{{ex,x) I X G Z[^>^\SV5>^]°} C Im(5,). 

Combining this with Proposition 17.21 and the isomorphism in ()20p . and recalling that Im((5^,) 
identifies with the product of two copies of Z[R^\B^ / B^]^ , shows that 

(21) $£/m/, ~ Z/pZ. 

With j as in ()15p . note that Im(j) can naturally be viewed as a submodule of Im(5*) in two ways, 
either via x i— > (x,0) or via x i— > (0, x). Choose one of the two maps above, call it Z and denote 
by L the map obtained by composing 1 with the canonical projection, that is 

(22) i : Im(j) ^ Im(<5,) Im(5,)/(m/, {U^f - l). 
Then we obtain a map 

(23) CoiOLoj : R''\B''/B'' — > $^/m/, ~ Z/pZ. 

The above description of {{U'^)'^ — l)lm((5*) and the fact that Im(j)/mj is not trivial (because the 
map (|16p is not) show that the map (j23p is non-zero. Hence, since / is p-isolated, we conclude 
that uji o i o j is equal to (j) up to multiplication by a constant in (Z/pZ)^ . 
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7.4. The explicit reciprocity law. By Lemma 17. 1^ Vc := ^^(Pc) is in V{Qi), hence (with 
notation as in (fTH]) ) it can be identified with a pair in R^\B^/B^ x {0,1}. By [6l 

Proposition 5.8], the action of ry^ on lm{6^:) is diagonal with respect to the decomposition described 
in ([HI), so we can write 

V.ivc) = {r],iKJ,^) G Z[flX\BX/i?x]0 x {^} 
with the same i as before. Choose I in ((22]) such that rjq{vc) € Im(t). Let 

be the composition of the map di introduced in ()12p with the canonical projection modulo m/^ 
and the isomorphism (|2ip . The operator r/g defines a Hecke and Galois-equivariant map 

:Div(xW) — .Div°(xW). 

For any D € Div'^(X(^)) write [D] for the class of D in and set 

Define 

(tGGc 

Recall the embedding ix^ : i^c Hc,Xo associated to the prime Aq. We remark in passing that, 
since £ splits completely in He, one has ix = axoixo for primes \\£ (here the Galois elements ax 
are as in ([3])). By an abuse of notation, denote in the same way the global-to-local homomorphism 

induced on the points of the jacobian, and keep in mind that for all primes X\£ there are canonical 
identifications i?c,A = Kg = Q£2. Viewing the maps ix as -ftr^-valued via these identifications 
(which we will sometimes do without explicit warning) one then has ix = ixo for all primes \\£. 
The above discussion combined with (jl3p yields the equality 

(24) (Be o ix,){Cc) = {Cdeoio j){v,) G Z/pZ. 

As a piece of notation, for any ring A and any pair of elements a,b (z A let a = b mean that there 
exists c € A^ such that a = be. Moreover, let [*] denote the class of the element * in a quotient 
group. 

Theorem 7.3. The relation 

{{deoix,)^x){c^c)=[C{f,x)] 

holds in Z[x]/pZ[x]- 

Proof. Since the maps oj^oLoj and (f) are equal up to multiplication by an element in (Z/pZ) ^ , the 
result follows from (j24p and the definition of C{f, x); after noticing that is Galois-equivariant. 

□ 
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8. Algebraic preliminaries 

8.1. Towards the vanishing of ring class eigenspaces. Let x S Gc be our complex- valued 
character of Gc- The prime p is unramified in since it does not divide h{c) by condition 1 in 
Assumption 14.11 Choose a prime ideal p of above p such that 

(25) the image of C{f,x) in Z[x]/P is not zero. 

This can be done thanks to condition 3 in Assumption 14. 1[ Denote W the p-adic completion of 
Z[x] and observe that the non-ramification of p implies that pW is the maximal ideal of W; in 
particular, 

nx]/p = w/pw. 

For any Z[Gc]-module M write M (g)-^ C (respectively, M (g)^ W) for the tensor product of the 
Z[Gc]-modules M and C (respectively, M and W), where the structure of Z[Gc]-module on C 
(respectively, W) is induced by x- 

As in the introduction, if M is a Z[G'c]-module define 

:= {x e M (S>zC\ a{x) = x(o-)x for ah cr G Gc}- 

The next elementary algebraic result (of which we sketch a proof for lack of an explicit reference) 
will be repeatedly used in the sequel. 

Proposition 8.1. If M is a "LlGf^-module which is finitely generated as an abelian group then 
there is a canonical identification 

of C[Gc\-modules. 

Proof. By the universal property of tensor products, there is a natural Gc-equivariant surjection 

F : M(g>zC — > M(g>^C 

of finite-dimensional C- vector spaces. Moreover, Maschke's theorem ensures that M^^C decom- 
poses as a direct sum 

M®zC= MT 

of primary representations, and F induces a Gc-equivariant (surjective) map 

f = F\Mx : ^ M 
Finally, again by universality one obtains a natural Gc-equivariant map 

5 : M (g)^ C — 

of C-vector spaces, and it can be checked that / and g are inverses of each other. □ 

Choose once and for all an (algebraic) isomorphism Cp ~ C which is the identity on 
Henceforth we shall view C as a W-module via this isomorphism, obtaining an isomorphism 

(26) {E{Hc) ®x W) (gw C ~ E{Hc) 0^ C. 
For later reference, we state the following 

Lemma 8.2. The module W is flat over Z[Gc], and every ¥p[Gc]-niodule is flat. 

Proof. First of all, W is flat over Z. Moreover, if £ is a prime number dividing h(c) then i ^ p, 
hence W/iW = 0. The flatness of W follows from [2[ Theorem 1.6]. The second assertion can be 
shown in exactly the same way. □ 
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Now we can prove 
Proposition 8.3. // Se\p{E/Hc) (g)^ W = then E{Hc)^ = 0. 
Proof. By Proposition 18.11 and equation (126^ . it is enough to show that 

E{Hc) (g)^ W = 0. 

Being finitely generated over Z, the module E{Hc) is a fortiori finitely generated over Z[Gc], 
hence E{Hc) 0^ W is finitely generated as a W-module. But pW is the maximal ideal of W, so 
Nakayama's lemma ensures that the vanishing of E{Hc) ®^ W is equivalent to the vanishing of 

{E{H,) ®^ W) Ow (W/pW) ~ E{H,) (W/pW) ~ {E{H,)/pE{H,)) W. 

By Lemma l8.2( W is flat over Z[Gc]. Tensoring the Gc-equivariant injection E{Hc)/pE{Hc) ^ 
Se\p{E/ He) with W over Z[Gc] then yields an injection 

{E{Hc)/pE{Hc)) Selp{E/Hc) 0^ 

Since Selp{E / He) ®x W = by assumption, the proposition is proved. □ 

Thus the triviality of E{Hc)^ is guaranteed by that of Selp{E / He) (^i^ W. This vanishing will 
be proved in Theorem 19. 7[ To this end, we need a couple of further algebraic lemmas, to which 
the next § is devoted. 

8.2. Towards the vanishing of Selmer groups. Li the following, we adopt the same symbol 
X to denote the Z-linear extension 

Z[Gc] Z[x] C W 

of the character x- If we compose x with the projection onto W/pW then the resulting homo- 
morphism factors through Fp[Gc] = Z[Gc\/p'^[Gc\, and the triangle 



W/pW 




is commutative. In particular, the map Xp gives W/pW a structure of Fp[Gc]-module (which is 
nothing but the structure induced naturally by that of Z[Gc]-module on W), and for an Fp[Gc]- 
module M the notation M (W/pW) will be used to indicate that the tensor product is taken 
over Fp[Gc] via Xp- 

Write ly^p for the kernel of Xpj aiid for any Fp[Gc]-module M let 

M[/xp] := {m e M \ xm = for all x G J^p} 

be the /^^p-torsion submodule of M. Moreover, let Xp^ '■ Fp[Gc] W/pW be the map induced 
by the inverse character to x- Equivalently, for any a = Yla^^^^ ^ Fp[Gc] set a^^ := X^o-Oo-o"^^. 
Since Gc is abelian, the map a is an automorphism of Gc which induces an algebra 

automorphism w of Fp[Gc] sending a to a~^. Then there is an equality of maps 




^p[Gc] Fp[Ge] W/pW. 
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Finally, write I^-i for the kernel of Xp^ ^-iid for any Fp[Gc] -module M denote by M[I^-i] the 
/ -i-torsion submodule of M . 

Xp 

Lemma 8.4. For every ¥ p[G c\-module M there are canonical identifications 

M0^W = M^^^ (W/pW) = M[/^J (W/pW) = M[/^J W 
of W -modules. 

Proof. Since ¥p[G c] is a (commutative) noetherian ring, we can choose generators xi, . . . of 
the ideal I^^. For alH = 1, . . . , m there is a short exact sequence 

^ := ker(/i^,) ^ M ^ x^M ^ 0, 

where is the multiplication- by-Xj map. Since W/pW is flat over Fp[Gc] by Lemma 18.21 
tensoring the above sequence with W /pW over Fp[Gc] gives an equality 

M (W/pW) = K, {W/pW) 

for all i = 1, . . . , m. But r\iKi = M[/^p], hence 



M {W/pW) = fl {K, (W/pW)) 



i=l 
m 



( n ®xp (W/pW) = M[/^J (W/pW), 



1=1 



where the second equality is a consequence of the flatness of W/pW. 

Finally, a straightforward algebraic argument shows that there is an identification 

N (g)^W = N (g)^^ {W/pW) 

of W-modules for every Fp[Gc]-module N, and the lemma is completely proved. □ 

Lemma 8.5. If M is an ¥p[Gc\-module then M[Iy^^] injects into M (g)^ W. Moreover, M[/^-i] 
injects into M[I^-i] ®^ W. 

Proof. Since M[I-^^] is flat over Fp[Gc] by Lemma [821 tensoring the short exact sequence 

(27) 0^1^^^ Fp[G,] ^ Im(xp) 
with M[/^p] over Fp[Gc] yields a short exact sequence 

But the image of M[I-^^\ ® I^^ in M[I^^] is trivial, so there is an isomorphism 

(28) M[/^J^M[/^j0^^Im(xp). 
Finally, the flatness of M[/^p] gives a further injection 

(29) M[/^J Im(xp) ^ M[/^J (W/pW), 

whence the first claim by combining (j28p and (j29p with Lemma |8.4[ 

The second assertion follows in a completely analogous way upon replacing (j27p with 

^ /^-i ^ Fp[G,] ^ Im(xp) ^ 
and tensoring with M[/^-i] over Fp[Gc]. □ 
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Remark 8.6. For future reference, we explicitly observe that the injections of Lemma 18.51 send x 
to x (g) 1. 

For any Fp-vector space V denote the Fp-dual of V by 
(30) :=HomF,(y,Fp). 

If the map / : Vi — > V2 of Fp-vector spaces is injective (respectively, surjective) then the dual 
map : V2 — > Vi is surjective (respectively, injective). The dual of an Fp[Gc]-module inherits 
a natural structure of Fp[Gc]-module: a Galois element a acts on a homomorphism ip by cr{ip) := 
ip o a~^. Furthermore, if / is a map of Fp[Gc] -modules then its dual f'^ is again Gc-equivariant. 

Remark 8.7. It follows directly from the definition of the dual Gc-action that if an Fp[Gc] -module 
M is of /;^p-torsion (i.e., M = M[I^^]) then its dual is of /^-i-torsion (i.e., M"^ = M^[I^-i]). 

We apply the above results to the Jj^-p-torsion submodule of the Selmer group Selp{E/ He). Let 
£ be an admissible prime and let G denote the cokernel of the restriction 

res, : Selj,{E / H,)[I^J HUHc/, Emix,]- 
Of course, G = C[Iy.^]. There is a commutative diagram with exact rows 

rcs^ 



(31) 



SelpiE/H,)[L 



HUH,,,,E\p])[I: 



C 



Selp{E/H,) 0^ W HlXHc/, E\p\) ®^ W G W 

in which the right horizontal arrows are surjective and the vertical arrows are id (8) 1. Observe 
that the bottom row is a consequence of Lemma 18.41 and the flatness of W, while the vertical 
maps are injections by Lemma 18.51 

Lemma 8.8. // there exists s G Selp(i?/ffc)[^xp] such that res,(s) 7^ then the map 

res/ id : hUh,^,, E[p\)[I^^Y ^ Se\p{E/H,)[I^X 0^ W 

is injective and non-zero. 

Proof. Keep the notation of ([HTj) and let s € Selp(-E/i^c)[-^xp] such that res,(s) / 0. Then 
Lemma [831 ensures that res£(s) (8> 1 7^ in H^^{Hc/, E[p\) (g)-^ W (cf. Remark l8.6p . Since 

HUHc,i,E\p]) ^^W ^W/pW 

by LemmaHiH the non-zero element res£(s)(8il generates H\^{Hc/, E[p\)®^yV as a W/pW-vector 
space. Then the W-linear map 

res, id : Se\p{E/H^) ^ H^^iHc/, E\p]) ®^ W 

is surjective, and this shows that G W = 0. It follows from the injection in diagram that 
G = as well, thus the map 

res, : Selp{E / H,)[I^^] HUHc,i, E[p])[I^J 

is surjective. By duality, we obtain an injection 

res/ : HI{H,, E[p])[I^^]-' Selp{E/H,)[I^^r . 

Since W is a flat Z[Gc]-module, tensoring with W gives the required injection 

(32) res/ id : hUHc/, E[p])[I^J'' ^ Selp{E/H,)[I^J'' 0^ W. 
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Our assumption on s ensures that H^^{Hc/, E[p\)[I^p] ^ 0, hence Hl^{Hc/, ElpDlI-^^]"^ 7^ as 
weh. On the other hand, H^^{Hc/, E[p])[I^p]'^ is of /^-i-torsion (cf. Remark IS.Th . so it injects 

into Hl^{Hc,e, ^[p])[/xp]^ ®x ^ by Lemma [831 This shows that 

and we conclude that the injection (j32p is non-zero. □ 

As a consequence of the above results, we can prove 
Proposition 8.9. // there exists s G Selp{E / Hc)[Ixp] such that res^(s) ^ then the map 
res/ ® id : //^(^c/, E\p]y 0^ W ^ Selp{E/H,y ®^ W 

is non-zero. 

Proof. In the commutative square 

TGS^ (^id 

Hl^iH.^e, E[p]r ®x W ^ Selp(i?/F,)V ®x W 



Hl^{H,,,,E[p])[I^J'' 0^ Selp(ii;/F,)[/^JV 

the vertical maps are surjective and the bottom horizontal arrow is (injective and) non-zero by 
Lemma 18.81 Hence the upper horizontal arrow must be non-zero. □ 

9. Bounding the Selmer group 

9.1. An equality of divisors. Let i be an admissible prime and, as usual, set He/ := Hc^Qe = 

(B\\iHc^x, where the sum is over the primes of He above i. An element of the completion i/c,A can 
be viewed as an equivalence class of Cauchy sequences in He with respect to the A-adic metric, 
two such sequences being identified if their difference has limit 0. On the other hand, Hc^x = Kg 
for all With this in mind, in this § we adopt the following notation: if \\^ and x € He then 
we choose a sequence x\ := (xA,n)nGN of elements of K converging to x in the A-adic topology, 
and denote [xx] its equivalence class in K^. In other words, x = [xx\ in i?c,A = Kn. 
Thus we obtain a composition of maps 

He = > 0A|<?-f^c,A ^ 0A|£-^^ 

{66} 



X I — > {x,...,x) I — > [[xx] 



which gives a concrete description of the "diagonal embedding" of He in ©A|^i^£. 

Now recall the prime Aq above ^ fixed in ^4.2i Then, with notation as in (l3|), there is an 
identification of i^^^-vector spaces between ®x\tKt and the group algebra Ki[Ge\ via the map 

(34) {y\)\\i I — > ^ y\(^\ = ^ ya(Xo)(^- 



Note that the map in ()34p depends on the choice of the prime ideal Aq above i, while the one in 
(|33l) does not. Let now 

Or-He^ K,[Ge] 
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be the composition of the maps in (p3l) and (f34l) : then 6i depends on the choice of Aq. Exphcitly, 
one has 

(35) 9e{x) = [^^(Ao)]^ 

o-eGc 

for all X G He- By definition, for all a € Gc the sequence a^cr(Ao) converges to x in the (T(Ao)-adic 
topology. On the other hand, since Xf^(^Xo),n ^ ^ for all n G N, it also follows from this that x^i^Xq) 
converges to a~^{x) in the Ao-adic topology. 

Let Pi : Hc[Gc\ — > K^lGc] denote the map defined by 

where [zq-] is the equivalence class of a sequence Zo- := (zo-,n)nGN of elements of K converging to 
Za in the Ao-adic topology (so Pe depends on the choice of Aq). It is straightforward to check that 

(36) 9,ix)=P,(^Ya~\x)a) 

for all x G He- The above maps and Pi yield in the obvious way maps 

0e : jW(Fe) J^'HKe) Z[G,], /?, : jW(Fe) ® J^'\K,) Z[G,] 

which we denote by the same symbols. 

With notation as in i j7.4l one then has the following 

Lemma 9.1. 6'^(,fc) = Pt{ac)- 

Proof. Immediate from equality (j36p by definition of ^c- D 

9.2. The Galois action. Fix cto G Gc, let x & He and set y := (To(x) G He- Then equation ([35]) 
shows that 

(37) ei{y) = ^ 

O-eGc 

where ya{Xo) is a sequence of elements in K which converges to y in the (T(Ao)-adic topology. 
Thus the sequence ycr(Ao) ^is° converges to x in the aQ^a{Xo)-adic topology. On the other hand, 
there is a canonical action of ao on K£ [Gc] induced by multiplication on group- like elements and 
given by 

ctgGc oeGc 

Then there is an equality 

(ro{Oi{x)) = J2 K{Ao)](f^of^) = Yl Ky^oCAo)]^- 

oeGc oeGc 

In the above equation, the sequence a^o-"^o(Ao) converges to x in the aQ^a{Xo)-a.dic topology. This 
fact and the observation immediately after ([37|) show that 9£(^ao{x)^ = o"o(6'£(x)). Since fio G Gc 
and X G He were taken arbitrarily, it follows that 

(38) Oioa = aoe(> 

for all (T ^ Gc- In other words, the map Oi is Gc-equivariant. 
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Remark 9.2. Equality (j38p holds both as a relation between maps from He to -/^^[Gc] and as a 
relation between maps from j(^H^c) to J^^\Ke)0Z[Gc]. 

9.3. Construction of an Euler system. Let 

(39) de : H\H„ E[p]) ^Lg(^c/, E[p]) 

denote the composition of res^ with the projection onto the singular quotient. We introduce 
X-twisted versions of the maps 9i, Pi and di defined above. Namely, set 

«^ - (id ^x)oOe: J^'\h,) J^'\K,) ®^ W, 

(id x) o : J^^\h,) ®z nCc] J^^\k^) ®z W, 
® 1 : H\H,, E[p]) H^insiHci, E[p]) ®^ W. 
As explained in Lemma 14.41 the choice of the prime Aq of He above £ induces isomorphisms 
7, : Hl{H,,i, E\p]) ^ HliKe, E[p]) ®^ I\G^ = Z/pZ[Gc] 

for -k E {fin, sing} (the maps ji are defined as in ^9.11 and the equality on the right is a consequence 
of the identifications in (j4j)). Since Aq has been fixed once and for all in §4.21 we will sometimes 
regard the maps 7^ as identifications (or, better, canonical isomorphisms). Then it is easily 
checked that the square 



(40) 



d} 



(41) 



H\He,E[p]) 



hL^{k,,e[ 



4 



He^,,E\p\)(S)^W^ 



TTl 

sing 



{Ke,E[p])(i^zW 



is commutative (here the bottom row is given by 7^ followed by the canonical identification 
between tensor products). 

In light of diagram (j4ip , there is a further commutative diagram 



(42) 



jW(^c) 



H\He,E[p]) 



H\^^{Ke,E[p])mW 



where k is defined as in ([8]) and is the isomorphism of [6, Corollary 5.18] tensored with the 
identity map of W (see loc. cit. for details). Now define a cohomology class 

k{£) ■.= R{^e)eH\H„E[p]). 

Proposition 9.3. If LxifjXA) / then 

d}{K{e))^o 

mH\^^{He,e,E[p])(^^W. 

Proof. By Lemma [9TT] we know that 6i{^c) = Ptio^c), hence 

Ofi^c) = /3^(ac). 

Keeping in mind that LK{f,xA) 7^ Oj assumption ([25]) ensures that the image of C{f,x) in 
W/pW is non-zero, and then [Be® id) (/3^(ac)) 7^ by Theorem I7.3[ Now the proposition follows 
by the commutativity of (j42p and the definition of k{£). □ 
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The collection of cohomology classes {k{£)} indexed by the set of admissible primes is an Euler 
system relative to Ejx and will be used in the sequel to bound the p-Selmer groups. 

9.4. Local and global Tate pairings. For any prime g of Z denote by 

: H\H,,„E[p]) X H\H,,g,E[p]) ^Z/pZ 
the local Tate pairing at q and by 

(,) : H\H,,E[p\) X H\H,,E[p]) l/pZ 
the global Tate pairing. The reciprocity law of class field theory shows that 

(43) (/c, s) = J](res,(/c), res,(s)), = 

q 

for all k,s £ H^{Hc, E[p]). From here on let i be an admissible prime. The local Tate pairing 
{,)£ gives rise to a non-degenerate pairing of finite dimensional Fp- vector spaces 

( , ), : HUH,^,, E[p]) X i?3\ng(^c,^, E[p]) Z/pZ; 

then, with notation as in (jSOp . if •} = {fin, sing} we get isomorphisms of finite-dimensional 
Fp-vector spaces 

(44) Hl{H,,e,E[p]) ^ Hl{H,^,,E[p\y . 
It is immediate to see that 

{a{k),a{s))i, = {k,s)i 

for all a G Gc, k G H^^{Hc/, E[p]) and s € H^^^^{Hc/, E[p]), hence the map (j44|) is Gc-equivariant 
(as usual, a acts on a homomorphism ip by (j{(p) := if o a^"^). 

Now recall that, by Lemma [4.4l both the finite and the singular cohomology at £ are isomorphic 
to Z/pZ[Gc\ as Z[Gc] -modules. Then from (j44p we get isomorphisms of one-dimensional W/pW- 
vector spaces 

(45) E\p\) ®^W^ Hl{H,^e, E[p]y ®^ W. 
By local Tate duality, the restriction 

res, : Selp{E/H,) HUHc,i,E[p]) 

induces a W-linear map 

: Hl^^{H,^,,E[p]) 0^ W ^ ^e\p{E/H,Y ®^ W. 

Lemma 9.4. // there exists s € Se\p{E / Hc)[Iy^p] such that res,(s) ^ then r]i is non-zero. 

Proof. Immediate from (j45p and Proposition 18. 9i □ 

For the next two results, recall the maps di and df defined in ()39p and ()40p . and recall also 
that p satisfies Assumption 14. II In the first statement we use the notation of §3.11 

Lemma 9.5. If q is a prime dividing N then lm{5q) = 0. 

Proof. Since the local Kummer map 5q factors through E{Hc^q)/pE{Hc^q), the claim follows from 
condition 5 in Assumption 14.11 □ 

The following is essentially a reformulation of [6, Lemma 6.4]. 

Proposition 9.6. The element df[K{i)) belongs to the kernel of rj^. 
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Proof. Let s G Selp{E/Hc). Since p > 5 is unramified in He (because p f cD by condition 1 in 
Assumption I4.ip , we can apply Proposition 15.21 to P = and get 

{reSq{s),ieSg{K{i)))^ = 

for all primes q ^ Ni. On the other hand, Lemma 19.51 says that lm{6q) = for all primes q\N, 
hence by definition of the Selmer group we conclude that 

(reSg(s),res<j(K(£))>^ = 
for these finitely many primes q as well. Then equation (j43p implies that 

(res£(s),res£(K(^)))^ = 0, 
which shows that di(yn{tj) belongs to the kernel of the map 

(46) H^ingiHc/, E\p]) Sel^(i?//7e) 

induced by the local Tate duality. By definition of and rn, tensoring (jl6]) with W gives the 
result. □ 

9.5. Proof of the main result. Now we are in a position to (re)state and prove the main result 
of our paper, that is the part of Theorem [TT2] concerning the Selmer groups: all other results will 
follow from this. 

Theorem 9.7. //La'(/,X, 1) / then Selp{E/Hc) = 0. 

Proof. By Lemma 18. 4^ it is enough to show that Selp{E / Hc)[Ixp] = 0. Assume that s € 
Selp{E / Hc)[Ixp] is not zero. Choose an admissible prime £ such that res£(s) ^ 0, whose ex- 
istence is guaranteed by Proposition 14.51 Since L^ifjXA) 0; Proposition 19.31 ensures that 
df(^K{£)) is non-zero; then df(^K{£)) generates H^^^^{Hc/, E\p\) (g)^ W over W. On the other 
hand. Proposition 19.61 savs that (k(£)) belongs to the kernel of the W-linear map rji, and this 
contradicts the non-triviality of rji that was shown in Lemma |9.4[ □ 

Now recall that for all n > 1 the p"-Shafarevich-Tate group Ulpn^E/Hc) of E over He is the 
cokernel of the Kummer map 5, so that it fits into a short exact sequence of Gc-modules 

(47) E{H,)/p^E{H,) Selpn{E/H,) mpn{E/H,) 0. 
Equivalently, define 

(1 I ros \ 
H^{H,,E{q)) -^^Y[H^{H,^g,E{q))y, 

then UIp7i{E/ He) is the p"-torsion subgroup of UI{E/ He). As usual, set 

Selpoo{E/Hc) := limSelp^{E/Hc), mpoo{E/Hc) := lunUIpu^E/ H^), 

n n 

SO \ilpoo[E / He) is the p-primary subgroup of Jil{E / H^). Tensoring ()47p with W over Z[Gc], and 
using the fact that W is flat over Z[Gc] by Lemma 18.21 we get a short exact sequence 

(48) ^ [E{Hc)/p^E{Hc)) ^ Selpn{E/H^) (^^W ^ Ulpn{E/Hc) ^^W ^ 0. 
As a by-product of Theorem 19.71 we also obtain 
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Theorem 9.8. IfLKif,xA) + then 

Selpn {EjU^ (g)^ W = 0, nipn (EjH^ ®^ W = 

for all integers n>l. 

Proof. The case n = 1 is immediate from Theorem 19.71 and (j48p . Since W is flat over Z[Gc], for 
ah n > 1 there is an equaUty 

{U1{E/Hc) ®x [p"] = Ulpn{E/H^) W. 

Then the vanishing of in.p{E/Hc) <S)x W imphes that of IIIpn(£'///c) ^ > 1, and the 

statement about the Shafarevich-Tate groups is proved. 

To prove the vanishing of the Selmer groups one can proceed as foflows. By condition 2 in 
Assumption 14. H the representation pE^p is surjective, hence the p-torsion of E{Hc) is trivial ( |14^ 
Lemma 4.3]). Thus for all n > 1 there is a short exact sequence of Gc-modules 

E{H,) ^ E{H,) E{Hc)/p''E{Hc) 0, 

where the second arrow is the multiplication- by-p" map. The flatness of W over Z[Gc] then shows 
that 

(49) {E{Hc)/p''E{H,)) ®^ W ~ {E{H,) ®^ W) /p" {E{H,) 0^ W) . 

But (08]) implies that [E{Hc) /pE{Hc)) 0^ W = because Selp{E/Hc) 0^ W = by Theorem 
19.71 hence (fl9l) immediately gives 

[E{H,)/p''E{H,)) 0^ W = 
for all n > 1. Since we already know that \ilpn{E / He) ®x W = 0, now sequence (j^Hj) yields 

Selpn{E/Hc) (g)^ W = 

for all n > 1, and this completes the proof of the theorem. □ 

Since tensor product commutes with direct limits, the following result is an immediate conse- 
quence of Theorem 19.81 

Corollary 9.9. IfLK{f,xA) then 

Selpco {E/Hc) ®x W = 0, UIpoc (E/Hc) >V = 0. 

9.6. Applications. The flrst consequence of Theorem 19. 71 is Theorem 1 1.31 which we now restate. 

Theorem 9.10 (Bertolini-Darmon). //Li^(/,x,l) / then E{Hc)^ = 0. 

Proof. Immediate upon combining Proposition 18.31 and Theorem 19. 7[ □ 

As remarked in the introduction, this is the x- twisted conjecture of Birch and Swinnerton-Dyer 
for E over He in the case of analytic rank zero. 

Now we want to show how, by specializing Theorem 11.21 to the trivial character, one can prove 
the flniteness of E[K) and obtain vanishing results for almost all p-Selmer groups of E over K. 

Recall that the conjecture of Shafarevich and Tate (ST conjecture, for short) predicts that if 
Ejp is an elliptic deflned over a number fleld F then the Shafarevich-Tate group Mi.[E/F) of E 
over F is finite. As pointed out (for real quadratic fields) in [71 Theorem 4.1], the next theorem 
is a consequence of Kolyvagin's results on Euler systems of Heegner points. 

Theorem 9.11 (Kolyvagin). Let E^q be an elliptic curve and let K be a quadratic number field. 
IfLxiE, 1) / then E{K) and m{E/K) are finite. 
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Sketch of proof. There is an equahty of L-series 

Lk{E,s) = L{E,s)-L{E^,),s) 

where -^(g) is the twist of E by the Dirichlet character e attached to K, hence both L{E, 1) and 
L(£'(£-),l) are non-zero. By analytic results of Bump, Friedberg and Hoffstein ([9]) and Murty 
and Murty ([25j) there exist auxiliary imaginary quadratic fields Ki,K2 such that 

. L'K^iE,l)^0, L'^^(i?(,),l)/0; 

• all primes dividing the conductor of E (respectively, of split in Ki (respectively, in 
K2). 

Then Kolyvagin's theorem (see, e.g., [H], [20] and [30l) shows that E{Q), E^^^{Q), Ul{E/q) 
and in(£^(£)/Q) are finite, and this implies that E{K) and Iil{E/K) are finite as well (see 
Corollary B] for details). □ 

In other words, both the BSD conjecture and the ST conjecture are true for Ejx as in the 
statement of the theorem. The consequence of Theorem 19. Ill we are interested in is the following 

Corollary 9.12. Let E/q be an elliptic curve and let K be a quadratic number field. IfLxiE, 1) 7^ 
then Selp{E / K) = IIIp{E / K) = for all but finitely many primes p. 

Let now E/q be an elliptic curve, let K be an imaginary quadratic field and suppose that all 
the arithmetic assumptions made at the outset of this article are satisfied. Denote by 1 = Iq^ the 
trivial character of the Galois group Gc- As anticipated a few lines above, we specialize Theorem 
11.21 to the case where x = 1 a-nd deduce results on the p-Selmer groups of E over K. More 
precisely, in Theorem 19.151 we provide an alternative proof of Corollary 19.121 for E over K which 
does not rely on either finiteness results for Shafarevich-Tate groups or Kolyvagin's results in 
rank one. 

Thus take c = 1, x = Id and, for simplicity, set H := Hi, G := Gi. Observe that H is the 
Hilbert class field of K and G ~ Pic(C'x)- Since x is trivial, one has Z[x] = Z and W = Zp. 
Moreover, there is an equality 

LK{f, 1g,s) = Lk{E,s) 

of L-functions. 

Before proving the main result of this section, we need a couple of auxiliary facts. 
Lemma 9.13. There is an injection 

Selp{E/K) ^ — > Selp{E/Hf 
for all prime numbers p satisfying condition 2 in Assumption \4. 1\ 

Proof. As explained in [14:\ Lemma 4.3], condition 2 in Assumption 14.11 ensures that E has no 
p-torsion rational over H. Hence the group (^G, E[p]{H)^ is trivial, and the desired injection 
is a consequence of the inflation-restriction sequence in Galois cohomology. □ 

The group G acts trivially on Selp{E/H)^ (by definition) and on Zp (since x = 1g)- The next 
lemma is an exercise in linear algebra. 

Lemma 9.14. There is an isomorphism 

Selp{E/Hf ®^ Zp ~ Se\p{E/Hf ®2;[g] 

of "Lp-modules. 
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Proof. As a shorthand, set M := Selp{E/H)'^. To avoid confusion, denote m®x and m®' x the 
images of a pair (m, x) G M x Zp in M ®z Zp and M ®z[c] lip, respectively. The map 

M X Zp — > M (^i[G] '^pi (^) ' — ^ m^' X 
is clearly Z-bilinear, hence it induces a map 

Zp, m® X I — > m®' X 
of abelian groups. Analogously, since G acts trivially, there is a map 

M (^i[G\ ^ '^pi m®' X I — > m® X 

of Z[G]-modules. Of course, the maps ip and are inverse of each other, hence we get an 
isomorphism 

M 0z Zp ~ M ®z[G] ^p 

of abelian groups (actually, of Z[G]-modules, but we will not need this fact). Since ip and ip are 
Zp-linear, the lemma is proved. □ 

Now we can prove the following result, which is a consequence of Theorem 11.21 and was stated 
in the introduction as Theorem 11.41 and in this § as Corollarv 19.121 

Theorem 9.15. If Lk{E,1) / then Selp{E/K) = mp{E/K) = for all but finitely many 
primes p and E{K) is finite. 

Proof. Of course, it suffices to prove the vanishing of the p-Selmer groups. Suppose that p satisfies 
Assumption 14.11 By Theorem 11.21 we know that Se\p{E / H) (Si^fG] = 0> hence 

(50) SelpiE/Hf ®^[G] Zp = 

since Zp is flat over Z[G] by Lemma |8.2[ Combining (jSOp and Lemma 19.141 we get 

(51) Selp{E/Hf <g)z Zp = 0. 

But Se\p{E / H)'^ is a finite dimensional Fp- vector space, so (|51|) implies that 

Selp{E/Hf = 0. 

The vanishing of Selp(£'/i^) follows from Lemma 19.131 □ 

Remark 9.16. 1. As is clear from the proof, to obtain Theorem 19.151 one can fix an arbitrary c 
prime to ND, as in the rest of the paper: we chose c = 1 only to avoid excluding more primes p 
than necessary for the purposes of this section. 

2. The BSD conjecture for E over K in the case of analytic rank 0, which was already proved 
in Theorem 19.111 can also be easily deduced from Theorem 11.31 by specialization to the trivial 
character of Gc- 

As already remarked, from our point of view the proof of Theorem 19.151 is interesting because 
it shows that, in the case of analytic rank zero, the vanishing of (almost all) the p-Selmer groups 
Selp(£'/-Rr) of an elliptic curve E^q can be obtained (at least when K is an imaginary quadratic 
field) without resorting to auxiliary results in rank one as in the classical arguments due to 
Kolyvagin. 
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Appendix A. Cohomology and Galois extensions 

The purpose of this appendix is to describe certain Galois-theoretic properties of field extensions 
cut out by cohomology classes that are used in the main body of the paper. Although of an 
elementary nature, these results are somewhat hard to find in the literature, so for the convenience 
of the reader wc decided to include them here. 

Quite generally, in the following we let F be a field (of arbitrary characteristic, though we 
apply our results only for number fields) and let be the separable closure of F in a fixed 
algebraic closure F. All field extensions of F that we consider will be contained in F^, so we need 
not bother about separability issues (in particular, an extension E/K is Galois if and only if it 
is normal). 

For any extension K/F contained in let Gk '■= Ga\{F^/K). For any Galois extension K/F 
contained in F^ and any abelian discrete Gi^'-module (respectively, Gal(i^/F)-module) M let 
H^{Gk,M) (respectively, (Gal{K / F) , M)) denote the i-th continuous cohomology groups of 
Gk (respectively, Gal{K/F)) with values in M. 

Fix a Gi?-modulc M and a Galois extension K/F. For any Galois extension E/K, the group 
H^{Ge,M) has a structure of a right Gj^-module; the structure map is denoted c i— > for 
c G H^{Ge, M) and g G Gk, and defined by 

{c^){h) := g{c{g-'h9)) 

for all h G Ge- Since the normal subgroup Ge C Gk acts trivially on H^{Ge, M), this group 
becomes a Gal(£'/ii')-module. Denote 

H\Gal{E/K),M''^) H\Gk,M) '-^^ H\G e , Mf^'^^ ' 

the inflation-restriction exact sequence in Galois cohomology. 

Fix a Galois extension E oi F contained in F^ and containing K such that the subgroup Ge 
of Gp acts trivially on M. In this case, 

H\GE,Mf-'(^/''^ = HomGai(B/i^)(G£,M). 

Take a non-zero class s G H^{Gk, M) and assume, to avoid trivialities, that s := resE/Ki^) 0- 
This is the case, for example, if M is irreducible as a G^j-module because in this situation 
— and resE/K is injective. 
Let E(s) denote the extension of E cut out by s, that is, the field E{s) such that the kernel 
of s is Ge[s)- Since s ^ 0, E{s) ^ E. Moreover, the extension E{s)/E is Galois. If /i G Ge and 
g G Gp then g~^hg G Ge because E/F is Galois. In particular, if /i G Ge and g G Gp then 
g~^hg e Ge{s) if and only if s{g-^hg) = 0. 

Proposition A.l. The extension E{s)/K is Galois. 

Proof. The extension E{s) /K is Galois if and only if Ge{s) is a normal subgroup of Gk or, equiv- 
alently, if and only if s{g~^hg) = for all h G Ge{s) and g G Gk- Since s G HomQai(£;//i-)(G£;, M), 
one has 

g{s{g-^hg)) = s{h) = 

for all h G Ge{s) and g G Gk-, and we are done. □ 

The Galois group Gal{E{s) / E) is not trivial and injects into M as a G^-module, hence 
(52) Gal(F(s)/F) ~iV(s) 

for a non-trivial G^-submodule N{s) of M. 
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Proposition A. 2. The group Gal{E{s)/K) is isomorphic to the semidirect product 

Gal{E{s)/K) ~ N{s) x Gal{E/K), 

where the quotient Gal{E / K) acts on the abelian normal subgroup N{s) by n 9{n) forn E N{s) 
and g S Gal{E/K), where g is any lift of g to Gk- 

Proof. The natural action by conjugation of Gal{E/K) on Ga[{E{s) / E) translates into an action 
on N{s) via the isomorphism and this gives Gal{E{s) / K) a structure of semidirect product 
as above. □ 

In general, the extension E{s)/F is not Galois. The canonical action of Gal{K/F) on H^{Gk, M) 
induces an action of Gal(i^/F) on (G e , M)'^''^^^ ^ by restriction. Explicitly, let c G H^{Ge, M)*^^'(^/^) 
and g S Gal(i^/F), choose an extension g £ Gp of g and set 

ic3)ih) :=g{c{g-'hg)). 

Since K/F is Galois, Gk is normal in Gp and the above action does not depend on the choice 
of g because c is Gi^-invariant. With s as before, for any g € Gal{K/F) consider the extension 
E{s^) of E cut out by . Moreover, denote L the composite of the extensions E{s^) with g 
ranging over Gal{K/F). 

Proposition A. 3. The extension L/F is Galois. 

Proof. The extension L/F is Galois if and only if G/, is a normal subgroup of Gp or, equivalently, 
if and only if for any h € Gl one has s^{k^^hk) = for all g € Gal{K/F) and all k S Gp- If 
g £ Gp is an extension of g then 

is9){k-'hk) = g{sig-'k-'hkg)). 

On the other hand, by assumption, if g and g are as above then 

kg{s{g-^k-^hkg)) = s'^^h) = 

with k := k\K, hence 

s{g-^k-^hkg) = 0. 

The proposition is proved. □ 

Assume from now on that the G/^-module M is finite and irreducible. Then N{s^) = M for 
all g G Ga\.{K/F). Fix two distinct elements g and h in Gal{K/F). The group 

Ga\{E{s3)/E{s3)nE{s^)) 

is identified via with a G^'-submodule of M, hence (by the irreducibility of M) either the 
extensions E{s^) and E{s^) coincide or they are linearly disjoint over E. In any case, Ga\.{L/E) 
is isomorphic to a product of copies of M indexed by a subset S C Gal(i^/F) which is minimal 
among the subsets of Gal(-ftr/F) with the property that {^E{s^) | (7 € 5} is equal to {-E(s^) | g G 
Gal(-ftr/F)|. The isomorphism 

Gal(L/^) = Jl Ga\{E{s^)/E) ~ M*^ 

g&S 

is explicitly given by {hg)ges ^ {^^ih))g(^s- 

Let h G Ga\{E{s3)/E) for some g £ S, and assume h ^ I. Then s3{h) ^ and = for 
all t € 5" with t ^ g. Let k G Gal(-E/-F) and choose an extension k £ Gp oi k. Then 

(53) t''{khk-^) =kr{h) 
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for all r G Gal(i^/F), where k := k\K, hence khk"'^ £ Gal{E{s''9)/E) . The last group is equal 
to Gal(£^(s")/£^) for a unique u G S. Equality (f53]) for r = 5^ shows that k acts on Gal(L/£^) as 

(54) s^'ikhk-^) = (s"(s^9)-i)kf(/i), 

with h G Gal(-E(s^')/^) and g£S. 

Equality (I54p shows that the action of G Gal{E/F) on an element {s^{hg))g(zs G M*'^ is 
essentially given by the action of k on s^{hg), up to the action of the automorphism s"(s'^^)~^ of 
M which gives a permutation of the components. 

Proposition A. 4. The group Gal{L/K) is isomorphic to the semidirect product 

Gal{L/K) ~ X Gal(S/F), 

where the action of the quotient Gdl{E/F) on the abelian normal subgroup M**^ is explicitly 
described by (f54|l . 



Proof. Clear from the above discussion. □ 
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